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Abstract. In this paper, wo study the action of any abelian subgroup G 
of Difr{K"), r > 1 on K", (K = R or C). We prove that there exist 
a decreasing finite sequence Fq, Fi, . . . , Fq of invariant closed sets such that 
flj = Fj\Fj — i is an open subset (for the relative topology) of Fj in which every 
orbit is minimal in it. Moreover, if G has a dense orbit in K" then every orbit 



1. Introduction 

Denote by Diff{W), r > 1, (K = M or C) the group of all C"'-diffemorpliisins 
of K". Let G be an abelian subgroup of Diff ^K"), r > 1 such that Fix{G) ^ 0, 
where Fix{G) — {x ^ K" : f{x) — x, V/ G G} be the global fixed point set of G. 
There is a natural action G x K" — > K". {f,x) i — > f{x). For a point x £ K", 
denote by G{x) = {f{x), / £ G} C K" the orbit of G through x. A subset E CK^ 
is called G-invariant if f{E) C E for any f ^ G; that is i? is a union of orbits. 

o 

Denote by E (resp. E ) the closure (resp. interior) of E. 

A subset E of IK" is called a minimal set of G if E is closed in K", non empty, 
G-invariant and has no proper subset with these properties. It is equivalent to say 
that E is a G-invariant set such that every orbit contained in E is dense in it. If 
is a G-invariant set in K", we say that ii^ is a minimal set in Q if it is a minimal set 
of the restriction G/n of G to fi. An orbit O C is called minimal in if O n SI is 
a minimal set in SI. This means that for every x S O n SI we have Onfl = G{x)r\il. 
For example, a closed orbit in S7 is minimal in S7. In particular, every point in 
Fix{G) is minimal in K", where Fix{G) = {a; e IK", f{x) = x, V/ £ G} is the set 
of all fixed point by G. 

In [2], S.Frimo proved taht if G is an abelian subgroup of Dif f^{M?) generated 
by any family of commuting diffeomorphisms of the plane wich are G^-close to 
the identity and having a bounded orbit then Fix{G) 7^ 0. In [7], J. Franks, M. 
Handel and K. Parwani proved that if G is a finitely generated abelian subgroup 
of Dif f]^{S?) and if there is a compact G-invariant set G C M^, then Fix{G) is 
non-empty. 

This paper can be viewed as a generalization of the results given in |I] for abelian 
linear group. We study here, the action of an abelian subgroup G of Dj//(IK"). 
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Our principal results can be stated as follows: 

We generalize the result given in [1] for abelian subgroup of GL{n,K): 

Theorem 1.1 (Structure's Theorem). LetG be an abelian subgroup ofofDiff^{K'^), 
r > 1 such that Fix{G) ^ 0. Then there exist a finite increasing sequence of G- 
invariant closed subsets of K", Fq C • • • C Fq, 1 < q < n, with the following 
properties: 

(i) Fq = 0, = K"\{0} and K" = (j Qj, where % ^ Fj\Fj^i. 

(ii) There exists p < q such that Qj is dense in Fj for every 1 < j < p. 

(iii) Every orbit in Clj is minimal in Qj, 1 < j < q. 



Let O be an orbit of G. Denote by d(0) = {x e K", G{x) = O}. The orbit 
O is said to be at level if O is minimal in IK". Inductively, we say that O is at 
level p, p > 1 ii every orbit 7 C 0\cl{0) is at level < p with at least one orbit at 
level k for every k < p. The upper bound of levels of orbits of G is called the height 
of G and denoted by ht{G). For example, if ht{G) is finite, say p this means that 
p is the supremum of fc g N such that there exist orbits 70, 71, jk of G with 
TfT C tT C ... C and 7T ^ 77, for every <i,j <k, i^ j. 

Corollary 1.2. ht{G) <q<n. 

Corollary 1.3. G admits a minimal set in W^\Fix{G) . 

Under the hypothesis of Theorem 1.1, denote hy U = Vlq = K"\Fq_i. We have 
the following corollaries. 

Corollary 1.4. Let G be an abelian subgroup of Diff^(K^), r > 1 such that 
Fix{G) 7^ 0. If G has a dense orbit then every orbit in U is dense in K". 

Corollary 1.5. // G has a locally dense orbit O in K" and G is a connected 
component of U meeting O then every orbit meeting C is dense in it. 

For n = 1, we obtain the following result. 

Corollary 1.6. Let G be an abelian subgroup of Dif f^{K), r > 1 such that 
Fix{G) ^0. If G has a dense orbit then Fix{G) = {xq\ is trivial and the or- 
bit of every x £ K\{a::o}, is dense in K. 

This paper is organized as follows: In Section 2, we introduce some properties of 
G-invariant vector space. In Section 3, we prove the Structure's Theorem (Thco- 
rem ll.ip and the Corollarv ll.4l The section 4, is devoted to study particular cases, 
we prove the Corollary [L6] and we give an example for n — 2. 
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2. G-invariant vector space 

For a subset E C K" , denote by vect{E) the vector subspace of K" generated 
by all elements of E. Set A{G) be the algebra generated by G. 

For every x e K", We consider the vector space E{x) — vect{G{x)) generated 
by the orbit G{x). 

Lemma 2.1. Let G he an ahelian subgroup of Diff^iW^). r > 1 and x G K". 

Then E(x) is G-invariant. 

Proof. Suppose that E{x) is generated by fi{x), . . . , fp{x), with fk E G, k = 

p p 
1, . . . ,p. Let y = J2 oikfk{x) G E{x) and / G G, then y = g{x), withy = <^kfk e 

k—1 k—1 

A{G). Therefore f{y) = / o g{x) ^ $^(/ o g) £ E{x), since foge A{G). □ 

For a fixed vector a; G K", denote by: 
- F{x) — A {G/e{x)) the algebra generated by the restriction G /e{x) of G to E{x). 
We will show that F{x) has a finite dimension (Proposition 12 . 3p . 

Lemma 2.2. Lef G fee an ahelian subgroup of DiffiW^), r > 1 such that G 
Fix{G). Then g{0) = for every g G ^(G). 



Proo/. Let 5 = £ "fe/fe C ^(G) with A G G, afe G K, so 5(0) = £ afe/fe(0) = 0. 

fc=l *:=! 

Now, let fi,...,f„,,gi,...,gq G ^(G) such that /fe(0) = gj{0) = 0, 1 < A; < to, 
1 < J < so for every ai, . . . , a^, /3i . . . , G IK we have 

^ q \ /™ \ /™ \ 

^J=l / \fe=l / J=l \fe=l / 

= 

Since A{G) is the algebra generated by G, so it is stable by composition and by 
linear combinations, hence we obtain the results. □ 



Denote by ■ F{x) — > ^x{F{x)) G K" the linear map given by ^xif ) = f{x). 
So E[x) = ^x[F{x)). 

Proposition 2.3. Let G be an abelian subgroup of Dif f^iW^), r > 1 such that 
G FixiG) and x G K". Then $2; is a linear isomorphism. In particular, F{x) 
has a finite dimension. 
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Proof. Let / G Ker{^x), so f{x) = 0. Let y e E{x), since : F{x) — > E{x) is 
surjective there exists g £ A{G) such that y — g{x). As G is abehan, A{G) is also. 
Then go f = f og. Therefore f{y) ^ f{g{x)) = g{f{x)) = 5(0). By Lemma O 
g(0) = 0, so f{y) = 0. It follows that / = 0. Hence Ker{<^^) = {0}. This completes 
the proof. □ 



Denote by: 

- DF{x) the group of all diffeomorphisms of F{x). 

- G/E{x) the closure of the restriction G/e{x) in F{x) for the relative topology of 
C'XIK",K") (the vector space of ah C-differentiable maps from K" to K"). 

- G = G/E(x) n DF{x). It is a closed subgroup of DF{x). 

- G{x) = $,(G). 

Lemma 2.4. We have G{x) = G{x). 



Proof. RecaU that G{x) "^xiG/Eix)) and G{x) = ^x{G). Then G{x) C G{x). 

Let y G 0(2;), so y — lim fm{x) for some sequence (fm)m&i in G. Therefore, for 

every m G N, there exists a sequence (/m.fe)feeN in G/e(x) tending to /m. As $j; is 
continuous, lim ^xifm.k) = ^xifm), so lim frn,k{x) = fm{x). Thus for every 

£ > 0, there exists M > and for every m > M, there exists km > 0, such that 
for every k > fc™, we have \\fm{x) - y\\ < § and ||/r„,fc(a:) - /m(x)|| < |. Then, for 
every m > M, 

\\f,n,k,„ix) " y|| < \\frn,k^{x) - /m(a;)|| + \\frn{x) - y|| < £. 

Hence Zzm /m,fc„(a;) — y, so y £ G{x). It follows that G'(m) C G(w). The proof 
is completed. □ 



3. Proof of main results 



For a fixed point x £ IK", denote by: 

- p — dim(F{x)). 

- ipx ■ F{x) — > (px{F{x)) C Mp(K) the linear map given by (fxif) = Df{0), where 
Df{0) is the differential of / on 0. 



Lemma 3.1. Let G be an abelian subgroup of Diff^{K^), r > 1 such that £ 
Fix{G). Then ipx is a homomorphism of groups. In particular, ipx{DF{x)) is an 
abelian subgroup of GL{p,'K). 



Proof Let f,g £ DF{x), so ipxif ° g) ^ D{f o g){0) ^ Df{g{0)).Dg{0). By 
LemmaO g(0) = 0, so ip.,{f o g) ^ D{f){0).Dg{0) = ip,{f).ip,{g). The proof is 
completed. □ 
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Lemma 3.2. Let G be an abelian subgroup of Dif f '''{MJ^), r > 1 such that £ 
Fix{G). Let x,y £ IK" such that E{x) — E{y). Then y — f{x) for some f G 
DF{x). In particular, G{y) — f{G{x)). 

Proof. Since E{y) = E{x), we have G/e(x) = G/E{y)j so F{x) — F{y). Then 
there exist f,h£ such that f{x) = y and h{y) — x. So / o h{y) — y = 

0. As / o /i — idE(x) G P{y)y where idE{x) is the identity of E{x), we obtain 
o h ~ idE{x)) = 0. By Proposition [531 ■ P{y) — ^ ^{v) is an isomorphism, 
so f o h — idE[x) — 0. Hence foh = hof — idE{x)- It fohows that / G DF{x). 
This completes the proof since f ° g — g ° f for every g £ G. □ 

For every x G K", denote by: 

- r{x) = dim{E{x)) is caUed the rank of x over G. 

- re — max {r{y), y G K"}. 

- : ifxiFix)) — > E{x) the hnear map given by = Ax, A G (px{F{x)). 

- = o(^^(F(x)). 

Lemma 3.3. Let G be an abelian subgroup of Dif f^{W^), r > 1 such that G 
Fix{G). Then the linear map : ipy{F{y)) — > E{y) is an isomorphism. 

Proof. The proof resuhs directly by applying the Proposition 12.31 to ipy{F{y)), be- 
cause all matrices in ipy{F{y)) fixed and commute two by two and ipy is surjec- 
tive. □ 



Denote by: 

-U = {yeK^, riy)^rG}. 

- Ut = {y eK^ /r{y) > t} for every < t < r^. 

Proposition 3.4. Let G be an abelian subgroup of Diff^'{K"), r > 1 such that 
G Fix{G). Then for every < t < re, Ut is a G-invariant open subset o/K". In 
particular, is U. Moreover, for every <t <rQ, Ut is dense in K". 



To prove Proposition l3.4[ we need the following notations. For a fixed point a; G K", 
denote by: 
-Z = ^x{G). 

- L{x) = ^x° ^x{G), so Ex is the vector space generated by L{x). 

- ry = dim{E{y)). 

- re = max{ry, y G K"}. 

-C/=|yGK": dim{E{y)) ^¥gY 

- Uf. ^ {y e K" /ry > t} for every <t <rG. 

By applying Lemma 3.11 given in [5] to the abelian linear group L, we found the 
following result: 
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Lemma 3.5. ([5j, Lemma3.ll) Ut is a G-invariant dense open subset of] 



Lemma 3.6. dim[E{y)) > dim{Ey) for every y G K". In particular, for every 
<t < re, we have Ut C Ut- 

Proof. Let y G K". Denote by r = Fj, and let /i,...,/^ G F{y) such that 
Dfi{0){y),...,Dfr{0){y) generate Ey. By Lemma [331 $y : ^ 
is an isomorphism, then Dfi{0),...,Dfr{0) generate (py{F{y)). Let's show that 
are hnear independent in F(jj): If ai/i + ■ • • + a^/r = for some 
ai, ... ,ar € K then aiD/i(0) + • • • + arDfr{0) = 0, hence ai — ■ ■ ■ — ar — 0. 
It foUows that dim{F{y)) > r. By Proposition I2.3[ ^y : F{y) — > E{y) is an 
isomorphism, so dim{E{y)) > r. The proof is completed. □ 

Proof of Proposition \3.4\ Remark that the rank is constant on the orbits, so Ut is 
G-invariant for every < t < rg. Let's show that Ut is an open set: Let y € Ut 
and r = ry, so r > t. Then there exist /i, . . . , G F{y) such that the r vectors 
. . . , fr{y) are linearly independent in E{y). For all z G K", we consider the 
Gram's determinant 

A(z) = det((/,(z) I /,(z)))i<,,,.<, 

of the vectors fi{z), . . . , fr{z) where (.|.) denotes the scalar product in K". It is 
well known that these vectors are independent if and only if A(z) ^ 0, in particular 
A(y) ^ 0. Let 

Vy = {zeK^, A{z)^0} 
The set Vy is open in K", because the map z i — > A(z) is continuous. Now A(?;) ^ 
0, and so y € Vy C Ut. On the other hand, for every < t < ro, we have 
Ut C Ut (Lemma 13. 6p and by Lemma 13.51 Ut is dense in K" , so is Ut . The proof is 
completed. □ 

Proof of Structure 's Theorem. By Proposition 13. 4| Ut is a G-invariant open set of 
K" for every < t < and it is dense in K" for every < t < re- Consider 
the distinct values tq = < ri < ■ ■ ■ < rg — ra taken by the map r : K" — > N 
given by x i — > r{x), x G K" and let Fj = {x € K"/r(a;) < rj}, j — 0,1, ... ,q. 
Evidently Fj (0 < j < q) is the complementary of the G-invariant open set [/,. - 
and so the sequence Fq, . . . ,Fq is a increasing sequence of closed subsets of K" 
and flj = Fj\Fj^i = Fj n Ur-_i. Yet, by Proposition 13.41 Ur-_-^ is a G-invariant 
open set of K" and it is dense in K" if Vj-i < re, so ^Ij is a dense open set of 
Fj if Tj-i < rQ, for the relative topology. Let p > such that rj < vq for every 
< j < p. This proves (i) and (ii). 

The proof of (iii); Remark at first that flj — {x ^ K", r(x) = rj}. Let 
X G flj (1 < j < q) and y G G{x) D ilj. We have r{x) — r{y) = rj since 
x,y £ rij. Then E{x) = E{y), so by Lemma [3.21 there exists / G DF{x) such 
that y — f(x). By Proposition 12.31 ■ F{x) — > E{x) is an isomorphism, 
so {^x)-\y) = / e = Gj^y Thus / G DF{x) r\'Gj^), so 



THE DYNAMIC OF ABELIAN SUBGROUP OF Di//' (K"), r > 1 7 

fed. Hence y ^ f{x) e G{x). It follows that G{y) = G{x). By Lemma EH 
G(x) = G(a;) = G(y), then G{y) H = G(2/) n fl^ = G(x) nrjj. □ 

Remark 3.7. (i) See that q < rc and p <rG- 

(ii) If r(3 = then p = q and so fij is dense in Fj for every j < q. In general, 
< (see example l4.2p . 

Proof of Corollary ] 1.21 We can assume that S Fix{G), leaving to replace G by 
T_a o G oTa for some a G Fix{G). Let L be an orbit of G and 70, 71, . . . , 7^ be 
k orbits of G with tqCtTC ••• C jk = L and 7! 7^ 77, for every Q < i, j < k, 

i ^ j. By Theorem [TTT|fi). we have K" \J^t, then t^TT = IJ (7^0 f^i). 

1=1 _ 1=1 _ 

By Theorem [TTl if 7^ n fij ^ then H fi^ = L n ri^. Since TfcTT 7^ L 
there exists ii G {1,...,(7} such that 7^-1 n ili^ = 0. In the same way, since 
TfcZi' ^ 7^31 there exists 12 S {1, ... , such that Jj^nfli^ = TfeZ^nfiij = 0. 

By induction on 1 < j < g, there exists ij G {!,... ,q}\{ii, ■ . ■ such that 

j]~J n Qi^ = ■ ■ ■ = 7v^ n fli^ = TfeT^ n = 0. it follows that k < q < n, 
otherwise, for j = q, we obtain 7^ n fii^ = • • ■ = TfeTi' n ili^ = n fli^ = 0, 
so 7/C-5 = with fc — g 7^ 0, a contradiction. Hence, L is at level < q < n. We 
conclude that ht{G) < q < n. □ 

Proof of Corollary \1.3[ Since Fix{G) is a G-invariant closed subset of K", = 
K"\Fi2;(G) is open and G-invariant. Let 70, ...,7/ of G/u {I > 0) such that 70*^ C 
... C tZ*^ where ^^nU and ^ 77^, < i 7^ j < /. So C ... C with 
7i 7^ T7' ^ * 7^ j ^ ^- By Corollarv ll.2[ ht{G) < q < n, hence ^ < q. This proves 
that G/[/ has a minimal set in J7. □ □ 



Proof of Corollary \1.4\ Suppose that G{x) = K" and let y e U. We have y G 
G{x) n U and E{x) = £'(y) = K", so by Lemma [321 there exists / £ DF{x) 
such that G{y) = f{G{x)). Hence G(y) = /(G(^) = /(K") = K". The proof is 
complete. □ 



Proof of Corollay \1.4\ Suppose that G Fix[G) (leaving to replace G by T-a o Go 
Ta, for some a G Fix{G)). Set a; G K with a dense orbit. Then x ^ Fix{G), so 
y = K\_Fia;(G) 7^ and a; 7^ 0. See that is an open subset of K contained in 
U = K\{0}. For every y G y, we have y E U = G{x) n U, so by CoroUarv 14. H 
G(y) n C/ = G(a;) nU = hence G(y) = K. This completes the proof. □ 



Proof of Corollav \1.5\ Let x G K" such that G{x) 7^ 0, so r{x) = n and so a; G 
U . Denote by C the connected component of U meeting G(a;), say that a; G G, 

o 

(otherwise we let y G G(x) n G). Now, let's show that B := (G{x) n C)\G{x) is 
an open and closed subset of G: By construction, B is G-invariant and closed in 
G. Let y G B, so G{y) C G(a;) n [/. By TheoremO G(y) n C/ = G(a;) n f/, so 
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o 

y <£ G{y) C B, hence B is an open and closed subset of C. It follows that B — $, 

o 

since x G C\B. Then oG{x)nC is a non empty open and closed subset of C, so G{x) 
is dense in C and by Theorem ll.il for every z € C, we have G{z) OU — G{x) D U, 
so G{z) is dense in C. This completes the proof. □ 



4. Particular cases 

4.1. Results for the dimension n=l. For every abelian subgroup G of 7^(1, M), 
we have L{x) ^ {0}, V a; G IK"\{0}, so tq — tq. Therefore, the Theorem 11.11 can 
be stated as follow: 

Corollary 4.1. Let G he an abelian subgroup of Diff'^(K), r > 1 such that 
Fix{G) ^ 0. Then there exists a G Fix{G) such that every orbit in U = K\{a} is 
minimal in U . 



Proof. Suppose that a = (leaving to replace G by T_a o G o Ta). So for every 
X e K\{0}, L{x) ^ {0}, so = 1. Hence ra = 1. Therefore, U = K\{0} and the 
proof results directly from Theorem 14.11 and Remark 13.71 □ 



Proof of Corollay \1.6[ Suppose that G Fix{G) (leaving to replace G by T_a o G o 
Ta^ for some a £ Fix{G)). Let x G K such that G{x) is dense in K. So r{x) — 1, 
X G [/ and U is dense in IK. Here, we recall the following sets given in the proof of 
TheoremO Fq = 0, Fi = {0}, Fa = {y G K, r{y) < 1} = K since F(0) = {0} and 
for every y G K\{0}, we have E{y) = K. If Fix{G) contains a point a ^ 0, then 
a G F2\Fi, so a G t/ = FaV^i. Hence, U = K\{0}. By Corollary [HI every orbit of 
K\{0} is dense in K, in particular, G(a) = K, a contradiction because G(a) = {a}. 
We conclude that Fix{G) — {0}. This completes the proof. □ 



4.2. Example in the dimension n—2. 

Example 4.2. Let G be the group generated by / : — > the diffeomorphism 

given by f{x, y) = [x ~ 2i(y-~ir+i) " i 2/ " 2((JW+T) + i) ^^^^ ^^0' ^ 
Then rQ = 2 and Tq = 1. 



Proof. Let u = (1, —1), g ~ o f o T^u and G' — o f o T-^, where denotes 
the translation by u. Then ^(x, y) (^x - 2{t^+i) ~ h V~ 2(x^+i) + i) • will 
show that 5 is a diffeomorphism, re = 2 and re ~ 1. Let Lp : x i — > ~ \ ^^"^ 

t/) : a; i — > + ^, be two differentiable map of R satifying |<y5'(a;)| — \il)'{x)\ < ^ 
for every a; G R, since ip'{x) = ^(a^+i)^ ■ We have g{x,y) = (x + ip{y),y + ^{x)). 
Firstly, we will show that g is bijective: Let (a, b), {x, y) G R^ then 

5(x,y) = (a,6) ^ ( " + ^[^J = " ^ ( - + -//^(-W = « 
'^^-^ ^ ' ^ 1 y + i}){x)^h 1 y^b-ip{x) 
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Consider the map Xb '■ x i — > x + (p{b — ip{x)), then Xb is continuous, differentiable 
and x'bix) = 1 — il^'{x)ip'{h — tpix)), so x'bi^) > because \ijj'{x)ip'(b — ')p{x))\ < 1. 
Therefore, Xb is strictly increasing. Moreover (f and t/j arc i Lipschitz: \(p(t) — 

ip{0)\ < ^ and |^(f)-V'(0)| < ^,then \ip{t)\ < ^ + |<^(0)| and \^P{t)\ < ^ + |V'(0)| 
, so 

\f{b-<P{x))\<^\b-iiT)\-^ 

1, , 1^1 1 



Xb{x) > {1 - - (^4 - o ] ^ if 



therefore, 

vJt.\ > (^ - ,„ 
and 

Xb(a^) < (1 - l)x ^ ~ 

Thus Xb reahzes a bijection from R unto R. As a consequence: 



g{x,y) = {a,b) 



y = b-ip{Xb ^(a)) 



This impHes that g is bijective. 

Secondly, we will show that g is a local diffeomorphism: The Jacobien matrix of g 
on any point (x, y) G is given by 

1 il)'{x) " 

Then det{Dg(^x,y)) = 1 ~ 'fi'{x)tp'{y) 7^ for every {x,y) G R^. Since is bijective, 
it follows that g is a. diffeomorphism, so is /. Now g{u) = u and Dgu = As 
a consequence, we have /(O, 0) = (0,0) and ^/(o^o) = Dgu = h- For v = (1,0), 
we have f{v) = (l,^)- Since {v,f{v)) is a basis of R^, so E{v) = M?, hence 
re = 2. On the other hand, G = G and L = (pv{G) = {I2}, so L{x,y) = R{x,y), 
so dim{L{x,y)) = 1, hence re = 1. □ 
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